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Basic Standards Sectional Committee, MSD 1

NATIONAL FOREWORD This Indian Standard (Part 11) (Second Revision) which is identical with IS0 31-l 1 : 1992, issued by the International Organization for Standardization (ISO) was adopted by the Bureau of Indian Standards on the recommendation of the Basic Standards Sectional Committee (MSD 1) and approval of the Management and Systems Division Council. The text of the IS0 Standard has been approved as suitable for publication as Indian Standard without deviations. Certain conventions are, however, not identical to those used in Indian Standards. Attention is particularly drawn to the following: Comma (J has been used as a decimal marker while in Indian Standards the current practice is to use a point (.) as the decimal marker. Wherever the words `International Standard' appear, referring to this standard, they should be read as `Indian Standard'. This standard was first published in 1961 and then revised in 1982. In this second revision, following changes have been made: a) b) A new clause on co-ordinate systems has been added, as Introduction to the standard; and Somenewitemshavebeenaddedinoldclausessuchas11-4.14to11-4.17,11-4.33,11-5.15, 11-5-16, 11-6.1, 11-6.3, 11-6.4, 11-12.1 toll-12.3

In the adopted standard, normative references appear to certain International Standards for which Indian Standards also exist. The corresponding Indian Standards which are to be substituted in their place are listed below along with their degree of equivalence for the edition indicated: International Standard IEC 27-l : 1971 Corresponding Indian Standard IS 3700 (Part 1) : 1983 Letter symbols and signs used in electric technology : Part 1 General guidance on symbols and subscripts (first revision) Degree of Equivalence Equivalent

ADDITIONAL

INFORMATION

IS 189O/ISO 31 consists of the following parts, under the general title `Quantities and Units': International Standard IS0 31-O : 1992 Corresponding Indian Standard IS 1890 (Part 0) : 1995 Quantities and units : Part 0 General principles (first revision) IS 1890 (Part 1) : 1995 Quantities and units : Part 1 Space and time (third revision) IS 1890 (Part 2) : 1995 Quantities and units : Part 2 Periodic and related phenomena (second revision) Degree of Equivalence Identical

ISO31-1

: 1992

Identical

IS0 31-2 : 1992

Identical

(Continued

on third coverj
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Indian Standard
QUANTITIES AND UNITS
PART 11 MATHEidATICAL !ilG@ AND SYMBOLS FOR USE IN THE PHYSICAL SCIENCES AND TECHNOLOGY (

Second Revision )

1

Scope

This part of IS0 31 gives general information about mathematical signs and symbols, their meanings, verbal equivalents and applications. The recommendations in this part of IS0 31 are intended mainly for use in the physical sciences and technology.

of this part of IS0 31. At the time of publication the edition indicated was valid. All standards are subject to revision, and parties-to agreements based on this part of IS0 31 are encouraged to investigate the possibility of applying the most recent edition of the standard indicated below. Members of IEC and IS0 maintain registers of currently valid International Standards. IS0 31-0:1992, eral principles. Quantities and units Pat-t 0: Gen-

2

Normative reference

The following standard contains provisions which, through reference in this text, constitute provisions
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3

MATHEMATICAL
Symbol, sign A

LOGIC
Application Name of symbol conjunction sign Meaning, verbal equivalent and remarks

Item No. 11-3.1 (I l-2. I)

PAq

P and q

11-3.2 (I l-2.2)

v

Pvq

disjunction

sign

p or q (or both)

11-3.3

7

negation

sign

negation

of p; not p; non p

(I I-2.3)

11-3.4 (I l-2.4)

*

P=+4

implication

sign

if p then q; p implies Can also be written Sometimes

q

'

_

q (: p.

+ is used. to q

11-3.5

i

PO4

equivalence

sign

p + q and q =t.p; p is equivalent Sometimes ++ is used.

(I I-2.5)

11-3.6 (I l-2-6)

V

VxeA
( Vx E A)

p(x) P(X)

universal quantifier

for every x belonging to A, the proposition
p(x) is true

If it is clear from the context which set A is being considered, the notation Vx p(x) can be used. ForxeA, see 11-4.1.

11-3.7 (I l-2.7)

3

3xcA (3x~A)

p(x) P(X)

existential

quantifier

there exists an x belonging to A for which
p(x) is true

If it is clear from the context which set A is being considered, the notation 3 x p(x) can be used. For x E A,

see 11-4.1.

3! or i is used to indicate the existence of one and only one element for which p(x) is true.

2
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SETS
Symbol, sign E Application Meaning, verbal equivalent Remarks and examples

Item No. 11-4.1

XEA

(II-I.71 11-4.2 (1 l-1.2) $
YEA

`x belongs to A; x is an element of the set A
y does not belong to A; y is not an element of the set A

The symbol $ is also used.

114.3 (I l-1.3) 11-4.4 (1 l-7.4) 11-4.5
(II-1.q

3

A~x

the set A contains x (as element) the set A does not contain y (as element) set with elements
Xl, $t ...t x,

A 3

x

has the same meaning as x E A.

$

A$Y

A $ y has the same meaning as y 4 A. The symbol $ is also used. Also (xi5 indices.
E I},

( )

(x,, 3, ...I X"]

where I denotes a set of

1 l-4.6 (11-1.6)

(11

Ix l A IP(

set of those elements of A for which the proposition p(x) is true

EXAMPLE (XE R Ix <5) If it is clear from the context which set A is being considered, the notation {X [p(x)) can be used. EXAMPLE {x Ix < 5)

1 l-4.7 (-1 11-4.8 (7 l-1.7) 11-4.9
(11-1.8)

card

card (A)

number of elements in A; cardinal of A the empty set

0

N

N

the set of natural numbers; the set of positive integers and zero

N = (0, 1,2,3, ...) Exclusion of zero from the sets 1 l-4.9 to 11-4.13 is denoted by an asterisk, e.g. IV*. N,= (0, 1, .. ..k- I} E = (..., -2, -1, 0, 1, 2, ...) See remark to 1 l-4.9. See remark to 11-4.9.

11-4.10 (1 I-1.9) 11-4.11 (I l-7. IO) 11-4.12 (11-1.11) 11-4.13 (I l-l. 12)

Z

z

the set of integers

Q

0

the set of rational numbers the set of real numbers

R

R

See remark to 1 l-4.9.

C

c

the set of complex numbers

See remark to 1 l-4.9.

3
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SETS (continued
Symbol, sign [ ,] Application CR bl Meaning, verbal equivalent closed interval in R from a (included) to b (included) Remarks and examples [a, b] = (x E R I a G x d bj

Item No. 11-4.14 (4

11-4.15 k-4

] ,] (,I

1~ bl (0. bl

left half-open interval in R from a (excluded) to b (included) right half-open interval from a (included) to b (excluded) in R

]a, b] = (x E R 1a < x < b)

11-4.16 (-4

[ ,[ [I)

Cu.4
Cat b)

[a, b[ = {x E R I a d x c b}

11-4.17 (4 11-4.18 (1 l-l. 13)

1,

[

la bC
(at b) BEA

(, 1 E

open interval in R from a (excluded) to b (excluded) B is included in A; B is a subset of A

]a, b[ = (x E R 1a < x < b}

Every element of B belongs to A. c is also used, but see remark to ? 1-4.19.

11-4.19 [ 1 l-l. 14)

c

BcA

B is properly included in A; B is a proper subset of A

Every element of B belongs to A, but B IS not equal to A. If c is used for 11-4.18, then s shall be used for 11-4.19.

11-4.20 (11-1.15)

$

C$A

C is not included C is not a subset

in A; of A

q is also used. The symbols Q and Q are also used.

11-4.21 (II-?. 76)

2

AzB

A includes

B (as subset)

A contains every element of B. 3 is also used, but see remark to 1 l-4.22. A =, B has the same meaning as B c A.

1 l-4.22 (11-l. 17)

IJ

AI>B

A includes

B properly

A contains every element of B, but A is not equal to B. If 2 is used for 11-4.21, then 2 shall be used for 11-4.22. A 3 B has the same meaning as B c A.

11-4.23 (I 1-1.18)

$?

AZC

A does not include subset)

C (as

P is also used. The symbols p and $ are also used. A 8 C has the same meaning as C $ A.

11-4.24 (I l-1.79)

u

AuB

union of A and B

The set of elements which belong or to B or to both A and B. AIJB={~~xEAv~EB)

to A

4
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SETS (continued
Symbol, sign U Application Meaning, verbal equivalent Remarks and examples

Item No.

11-4.25 (7 7-1.20

L.YJ Ai
i=l

union of a collection of sets
A,, . ..t A,

6 Ai = A, u A, u . . . w A,,
i=l

the set of elements belonging to at least one of the sets A,, . . . . A,.

Ul= I and iv,1 Ui El
are also used, where I denotes a set of indices.

11-4.26 (17-1.21)

n

AnB

intersection of A and B, read as A inter B

The set of elements which belong to both A and B. AnB=(xlxEA~xcB)

11-4.27 (I 1-1.22)

n

ri A,
i=l

intersection of a collection of sets A,, . . .. A,,

f!!)Ai=A,nA,n...nA,,
i=l

the set of elements belonging to all sets A,, A,, . . . and A,,.

are also used, *where I denotes a set of indices.

11-4.28 (1 I-1.23)

A\B

difference between A and B; A minus B

The set of elements which belong to A, but not to B. A\B= (xIx~Ar\x#B) A -B should not be used.

11-4.29
(Il-1.24)

c

LB

complement of A

of subset B

The set of those elements of A which do not belong to the subset B. If it is clear from the context which set A is being considered, the symbol A is often omitted. Also CAB= A \ B

11-4.30 I1 I-1.25J

(,)

(a, b)

ordered pair a, b; couple a, b

(a, b) = (c, d) if and only if a = c and b = d. (a, b) is also used. (a,, %, . . . . a,) is also used.

11-4.31 [ ll-1.26)

( , .... )

(a,, a,, .. .. a,)

ordered n-tuplet

5
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SETS (concluded)
Symbol, sign x Application Meaning, verbal equivalent Cartesian product of A Remarks and examples

Item No. 11-4.32

AxB

The set of ordered pairs (u, b) such that

(7 l-1.27)

and B

aeAandbeB.
AxB= ((u,b) laeAr\bcB} A x A x . . . x A is denoted by A", where n is the number of factors in the product.

11-4.33

A

AA

(-1

set of pairs (x, x) of A x A, where x E A; diagonal of the set A x A

AA= {(X,X) IxEAI
id,., is also used.

6
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MISCELLANEOUS SIGNS AND SYMBOLS
Symbol, sign = Application a=b Meaning, verbal equivalent a is equal to b Remarks and examples = may be used to emphasrze that a particular equality is an identity.

Item No. 11-5.1

(I l-3. I) 11-5.2 (I l-3.2) 11-5.3 (I l-3.3) #
a#b a is not equal to b

The symbol

+= is also used.

dcf

=

a dA b

a is by definition to b

equal

EXAMPLE
p dA mv, where p is momentum, mass and v is velocity. m is

2 and := are also used.

11-5.4 ( 1 l-3.4)

2

aab

a corresponds

to b

EXAMPLES When E = kT, 1 eV p 11 604,5 K. When 1 cm on a map corresponds to a length of 10 km, one may write 1 cma10km.

11-5.5 (11-3.5) 11-5.6 (17-3.6) 11-5.7
(11-3.7)

z

az

b

a is approximately to b a is proportional

equal

The symbol N is reserved for "is asymptotically equal to". See 1 l-7.7.

oc <

a-b accb a<b

to b

a is less than b

11-5.8
(Il-3.8)

>

b>a

b is greater

than a

11-5.9
(Il-3.9)

<

a<b

a is less than or equal to b b is greater a

The symbols

zz and 5 are also used.

11-5.10 (11-3.10 11-5.11 ( 1 13.1 I) 11-5.12 (I I-3.12) 11-5.13 (11-3.13)

2

baa

than or equal

The symbols

r and 2 are also used.

to

<<

a << b

a is much

less than b

>

b >> a

b is much than a

greater

od

infinity

7
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MISCELLANEOUS SIGNS AND SYMBOLS (concluded
Symbol, sign ( ) Application (u + b)c Meaning, UC + bc, czc + bc, UC + bc, UC + bc, verbal equivalent parentheses square brackets braces angle brackets Remarks and examples In ordinary algebra the sequence of ( ), [ 1, ( ) and ( ) in order of nesting is not standardized. Special uses are made of ( ), [ 1, ( ) and ( ) in particular fields.

Item No. 11-5.14

k-)

c1
( I
0

[a + b]c
(a + bjc (a + b)c

11-5.15 (-1 11-5.16 k-4

//

AB II CD

the line AB is parallel to the line CD the line Al3 is perpendicular to the line CD

_L

AB 1 CD

8.
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5 OPERATIONS
tern No. 11-6.1 ( 11-4. I) 11-6.2 Symbol, application Meaning, verbal equivalent Remarks and examples

a+b

a plus b

a-b

a minus b

(17-4.2)
11-6.3

a+b

a plus or minus b

(-_) 11-6.4 k-J 11-6.5 ( 174.3) aTb a minus or plus b -(a&b)=-aTb

a.6

axb

ab

a multiplied

by b

See also 1 l-4.32, 11-13.6 and 1 l-13.7. The sign for multrplication of numbers is a cross (x) or a dot half high (.). If a dot IS used as the decimai sign, only the cross shall be used for multiplication of numbers. For decimal sign see IS0 31-0:1992, subclause 3.32.

11-6.6

(1 l-4.4) 11-6.7 (114.5)

%

a/b

ab-'

a divided by b

See also IS0 31-0:1992,

subclause 3.1.3.

n c a,+a2+...+a, Also c:=,
i=Iai

4, Cai, I

c,

a,, Ia;

1 l-6.8

fiai

a, - a2 - ._. . a,

(71-4.6) i=l

11-6.9

up

a to the power p

(11-4.7) 1 I-6.10 (7 I-4.8) 11-6.11
(1 1_4,9) a
.1/2 af

,/a

JT

a to the power l/2; square root of a a to the power nth root of a
l/n;

If a 2 0, then J- a 20. See remark to 11-6.11.

r/n

at

"40

n J-I a

If a 2 0, then ;/;; 2 0. If the symbol J or "J acts on a composite
expression, parentheses avoid ambiguity. shall be used to

11-6.12

Ial

absolute

value of a;

abs a is also used.

(17-4.10

magnitude of a; modulus of a

9
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OPERATIONS

(concluded)
Meaning, verbal equivalent Signum a Remarks and examples

tern No. II613 1 l-4.7 7)

Symbol, application sgn a

For real a:
1 ifa>O 0 if a = 0 -1 ifa<

sgn a =

I

For complex a, see 1 l-l0.7.

11-6.14 1 l-4.72)

Z

(a)

mean value of a

The method of forming the mean shall be stated if not clear from the context. n

11-6.15
11-4.13)

n!

factorial n

Forn

>I:

n!=

I-I
k=

k=lx2x3x...xn
1

For n = 0: n! = 1

11-6.16 11-4.14)

n p ( 1

binomial coefficient cf:

n, p

I =-p!jnnlp)! (P 1

n

11-6.17 : 17-4.75)

ent a E(u)

the greatest integer less than or equal to a; characteristic of a

ent 2.4 = 2 ent( -2,4) = -3 [u] or int a is sometimes used for ent a, but is now often used with the meaning "rnteger part of a", e.g. [2,4] = int 2,4 = 2 [ -2,4] := int( -2,4) = -2

.

10
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FUNCTIONS
Symbol, application Meaning, verbal

item No.

equivalent function f

Remarks and examples

11-7.1 (I 1-5.7) 11-7.2 (11-5.2)

f

A function may also be denoted by x~f(x). Letters other than fare also used.

f(x)

f(x, y, . ..)

value of the function x or at (x, y, ...) respectively f(b) -f(a)

f at

1l-7.3 (7 I-53

f(x)lf: Ir(x)]i

This notation is used mainly when evaluating definite integrals. .

1 l-7.4 (115.4) 1 l-7.5 (1 l-5.5) 1 l-7.6 (7 1-5.61

g of

the composite function of f and g, read as g circle f x tends to a

(g oj) (x) = gv(x))

x--*a

J$f(x) lim,+,f(x)

limit off(x) a

as x tends to

lim ._,f(x) = b may be written f(x) -+ b as x --* a. Limits "from the right" (x > a) and "from the left" (x < aj may be denoted by lim X+o+f(x) and h X_ a _ f(x) respectively. EXAMPLE
1

11-7.7 (11-5.7)

`U

is asymptotically

equal to

sin (x-u) 1l-7.8 (7 j-5.8) O(g(xjj f(x) = o(g(xjj If(x)/g(x)I is bounded above in the limit implied by the context; f is of the order of g

=--&&-asx-+a

1 l-7.9 (1 l-5.9)

f(xj = c@(x))

o(g(x))

f(x)/g(x) -+ 0 in the limit implied by the context; f is of lower order than g

11-7.10 (11-5.10) 11-7.11 (77-5.11)

Ax

(finite) increment of x

$ dfldx f'

derivative of the function f of one variable

Df is also used. $$, df(x)/dx,f `(x), Df(x) variable is time I,

If the independent

df j is also used for -. dt

11
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FUNCTIONS (continued)
Symbol, application Meaning, verbal equivalent Remarks and examples

tern No. 11-7.12

11-5.72)

(

g

1 x=ll

value at a of the derivative of the function f

Df(u) is also used.

(df/W, =a f `$1
11-7.13 715.73)

d"f
dx" d"f/dn" P'

nth derivative of the function f of one variable

D"f is also used. For n = 2, 3; f 'I, f "' are also used for /`I. If the independent variable is time t, _?is.also used for a. dt'

11-7.14 115.14)

aj -&aflax

partial derivative of the function f of several variables x, y, . with respect to x

D,f is also used.

a,i

Y, . ..)/a4 I af(x, a,f(x, Y, . ..I. D,f(x.Y, . ..)
ax
The other independent shown as subscripts, variables may be e.g. ( ax
af

af(x, Y, . ..)

I y...

This partial-derivative notation is extended to derivatives of higher order, e.g.
a'f -=--

ax2

a ax ax

(

ax
(

af

1

a'f a -=--

axay

ay

af
i

11-7.15 (11-5. IR

df

total differential function f

of the

df(x,y r...) =gdx+$dy+...

11-7.16 (I I-5.161 11-7.17 (11-5.17)

Sf

(infinitesimal) variation of the function f dx an indefinite integral of the function f

/f(x)

12
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FUNCTIONS

(concluded)
Meaning, verbal equivalent Remarks and examples

Item No.

Symbol, application

,;;:`5:;;

if(x)

d-x

definite integral of the function f from a to b

Multiple integrals are denoted by, for example:

7(x, dx In

,f,

jd'",`)

dx dY

Special notations !IP are used for integration over a curve C, a surface S and a three-dimensional domain V, and over a closed curve or surface, respectively.

11-7.19
:17-5.19)

6$

Kronecker delta symbol

6, =
rk

1 for i = k 0 for i # k (

where i and k are integers.

1 I-7.20
(11-5.20)

Ejjk

Levi-Civita symbol

&$ = 1 for (i, j, k) = (1, 2, 3) and is antisymmetric in the indices, i.e.
&123 El32 = = &231 E327 = = &312 E213 = = 1

COIY@etdy

-1

all others being equal to 0.

11-7.21
(Il-5.21)

6 (4

Dirac delta distribution (function)

11 f(x) s(x) dx = S(O)

1 l-7.22 (11-5.22)

E(X)

unit step function; Heaviside function

1 for x > 0 `(x) = I 0 for x < 0 H(x) is also used. 19(r) is used for the unit step function

of time.

11-7.23 (1 I-5.23)

f*g

convolution

off and g fj + g) (x) =;f(Y) g(x - Y) dY

13
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS
Sign, symbol, expresslon ax Meaning exponential function to the base a of x base of natural logarithms e=/hrn i 1 +-j$ Remarks and examples Compare 1 l-6.9.

Item No. 11-8.1
(-1

11-8.2 ( 7 7-6.1) 1 l-8.3 (7 I-6.2)

e

n 1 = 2,718 281 8...

e* exp x

exponential function (to the base e) of x

11-8.4 (7 l-6.3)

fogdr

logarithm to the base a of
X

log x is used when the base need not be specified.

1 l-8.5 (1 l-6.4)

Inx

In x = loggx; natural logarithm of x

logx shall not be used in place of In x, lg x, lb x or logg, log,,u, logg.

11-8.6

Ig'x

(71-6.6)

lg x = log,@X; common (decimal) logarithm of x lb x = log,x; binary logarithm of x

See remark to 1 l-8.5.

11-8.7 (7 I-6.6i

lb x

See remark to 1 I-8.5.

14
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CIRCULAR AND HYPERBOLIC FUNCTIONS
Sign, symbol, expression
K

1
Remarks and examples

item No. 11-9.1

Meaning

( 17-7.1)

ratio of the circumference of a circle to its diameter

x = 3,141 592 6...

1 l-9.2 (I l-7.2) 1 l-9.3 (1 I-7.3) 11-9.4 (1 l-7.4) 1 l-9.5 (11-7.5) 11-9.6 (1 I-7.6) 1 l-9.7 (71-7.7)

sin x

sine of x

(sin x)", (cos x)", etc., are often written cos"x, etc.

sin"x,

cos x

cosine of x

tanx

tangent of x

tg x is still used.

cotangent of x

cotx

= f/tanx

set x

secant of x

secx = I/ cosx

csc x

cosecant of x

cosec x is also used. cscx = l/sinx

1 l-9.8 ( 1 l-7.8)

arcsin x

arc sine of x

y= arcsinx ox=siny, -7[/2 <y <x/2 The function arcsin is the inverse of the function sin with the restriction mentioned above. See remark following 1 I-9.13. y= arccosx ox=cosy, 0 <y <K The function arccos is the inverse of the function cos with the restriction mentioned above. See remark following 11-9.13. arctg x is still used.
y = arctan x 0 x = tan y, - n/2 < y < K/Z

1 l-9.9 ( I l-7.9)

arccos x

arc cosine of x

1 I-9.10 (11-7.10)

arctan x

arc tangent of x

The function arctan is the inverse of the function tan with the restriction mentioned above. See remark following 11-9.13.

11-9.11 ( 1 l-7.1 1)

arccot x

arc cotangent of x

y=arccotxox=coty, O<y<n The function arccot is the inverse of the function cot with the restriction mentioned above. See remark following 11-9.13.
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)

CIRCULAR AND HYPERBOLIC FUNCTIONS (continued)

function set with the restnctron mentioned See remark following arc cosecant of x 1 I-9.13.

arccosec x is also used. y = arccsc x 0 x = csc y, rii2 <J <7ClZ,y#O The function arccsc is the Inverse of the function csc with the restriction mentioned

Remark on 11-9.8 to 11-9.13. The notations sin--lx, cos-`x, etc., for the inverse circular functions shall not be used

hyperbolic sine of x

sh x is also used.

hyperbolic cosine of x

ch x is also used.

hyperbolic tangent of x

th x is also used.

hyperbolic secant of x

sechx=

ljcoshx

hyperbolic cosecant of x

cosech x is also used. cschx= l/sinhx arsh x and argsh x are also used. = sinhy The function arsinh is the inverse of the funcSee remarks following 1 I-9.25.

inverse hyperbolic sine

y = arsinh xox

inverse hyperbolic cosine

arch x and argch x are also used. y=arcoshxex=coshy,y 20 The function arcosh is the inverse of the function cash with the restriction mentioned

16
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CIRCULAR AND HYPERBOLIC FUNCTIONS (concluded
Sign, symbol, expression Meaning Remarks and examples

tern No.

1 l-9.22 7 l-7.22)

artanh x

inverse hyperbolic tangent of x

arth x and argth x are also used. y=artanhxox= tanhy The function artanh is the inverse of the function tanh. See remarks following 1 l-9.25.

11-9.23 1 I-7.23)

arcoth x

inverse hyperbolic cotangent of x

argcoth x is also used. y=arcothxox=cothy,y#O The function arcoth is the inverse of the function coth with the restriction mentioned above. See remarks following 11-9.25.

11-9.24 I I-7.24)

arsech x

inverse hyperbolic secant of x

y = arsech x ox = sech y, y > 0 The function arsech is the inverse of the function sech with the restriction mentioned above. See remarks following 1 l-9.25.

11-9.25 I I-7.2R

arcsch x

inverse hyperbolic cosecant of x

arcosech x is also used. y=arcschxox=cschy,y#O The function arcsch is the inverse of the function csch with the restriction mentioned above.
Remarks on 11-9.20 to 11-9.25.

arsinh, arcosh, etc., are also called area hyperbolic sine, area hyperbolic cosine and so on, because the argument is an area. The notations sinh-`x, cash-`x, etc., for the inverse hyperbolic functions shall not be used because they may be mistaken for (sinh x)-l (cash X) -', etc.
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COMPLEX NUMBERS
Sign, symbol, expression Meaning Remarks and examples

tern No.

11-10.1 (7 7-8.7) 1 l-IO.2 (I I-8.2) 1 I-10.3 (I l-8.3) II-IO.4 (17-8.4) 1 I-10.5 (17-8.5) II-lo.6 (7 l-8.6) 1 I-10.7 (71-8.7)

i

j

imaginary unit, i2 = -1 L

In electrotechnology,

j is generally used.

Rez

real part of z

Im z

imaginary part of z

z=x+iy,wherex=Rezandy=Imz.

IZI

absolute value of z; modulus of z argument of z; phase of z (complex) conjugate of z

mod z is also used.

arg z

z = re'?, where r = IzI and q = arg z, i.e. Rez =rcoscp andImz=rsincp. Sometimes 2 is used instead of z*.

z*

sgn 2

Signum z

sgn z = z/lzi = exp(i arg z) for z St 0, sgn z = 0 for z = 0.

18
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MATRICES
Sign, symbol, expression Meaning Remarks and examples

Item No.

The use of capital letters in this section is not intended to imply that matrices or matrix elements cannot be written with lower-case letters. 11-11.1 (17-9. I) A A,, ... AI, i: A,, ... A;, I matrix A of type m by n A is the matrix with the elements Aii; m is the number of rows and n is the number of columns. A = (Au) is also used. Square brackets are also used instead of parentheses.

11-11.2 (I I-9.2)

AB

product of matrices A and B

tAB) ilr = CA,iBijk j where the number of columns of A must be equal to the number of rows of B.

11-11.3 (7 I-9.3) 11-11.4 ( 7 1-9.4) 11-11.5 (I l-9.5) 11-11.6 (I I-9.6) 11-11.7 (11-9.7) 11-11.8 (7 l-9.8)

E

I

unit matrix

Any square matrix for which Eik = 6,. See 11-7.19. AA-' = A-IA = E

A-'

inverse of a square matrix A transpose matrix of A

AT

i

AT it = Aki ( 1

A*

complex conjugate matrix of A Hermitian conjugate matrix of A determinant matrix A of a square

(A*)jk = (Aik)* = Ai In mathematics, 2 is often used. (A"), = (Aki)* = A~

AH

A+

In mathematics, A* is often used.

det A A,, `9.A,, A,,:.. 4,

11-11.9 (71-9.9) 11-11.10 (11-9.10)

trA

trace of a square matrix A norm of the matrix A

tr A = CA,, i Several matrix norms can be defined, e.g. the Euclidean norm IlAII= (tr(AAH))"*

\lAII
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12

COORDINATE

SYSTEMS
Position vector and its
differential r = xe, + yeY + ze,; dr = dx e, + dy eY + dz e, Name of coordinate system Cartesian coordinates Remarks e,, eY and e, form an orthonormal right-handed system. See figure 1. e,(q), e,(q) and e, form an orthonormal right-handed system. See figures 3 and 4. If z = 0, then Q and q~are the polar coordinates.

Item No.
11-12.1 (-1

Coordinates
x, yr z

11-12.2 (-1

e, 0, z

r = ee, + ze,; dr=dee@+ e drp eo, + dz e,

cylindrical coordinates

11-12.3

r, 9, cp

(-4

r = re,; dr = dr e, + r d9 e, + r sin 9 drp e9,

spherical coordinates

e,(& rp), q(% cp) and e,(q) form an orthonormal right-handed system. See figures 3 and 5.

NOTE 1 If, exceptionally, a left-handed system (see figure 2) is used for certain purposes, this shall be clearly stated to avoid the risk of sign errors.
Z Z r X ez e,

WY

0k
eY

Y

X

The x-axis is pointing towards the viewer.

The x-axis is pointing away from the viewer.

Figure 1 -

Right-handed

Cartesian coordinate system

Figure 2 -

Left-handed Cartesian coordinate system e.

Figure 3 - Oxyz is a right-handed coordinate system

Figure 4 - Right-handed cylindrical coordinates

Figure 5 - Right-handed spherical coordinates

20
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3

VECTORS

AND TENSORS
Sign, symbol. expression Meaning Remarks and examples

tern No.

In this section, only Cartesian (orthonormal) coordinates in ordinary space are considered. The more general case requiring covariant and contravariant representations is not treated here. The Cartesian coordinates are denoted x, y, z or x1, +, %,. In the latter case, indices i, j, k, 1 ranging from 1 to 3 are used, and the following summation convention is adopted: if such an index appears twice in a term, summation over the range of this index is understood. Remarks to 11-13.1 to 11-13.20 A scalar is a tensor of zero order and a vector is a tensor of the first order. Vectors and tensors are often represented by general symbols for their components, e.g. ai for a vector, 7'ti for a tensor of the second order, a& for a dyadic product.

11-13.1 7 l-10.7)

a ii

vector a

An arrow above the letter symbol can be used instead of bold face type to indicate a vector. Any vector (L can be multiplied by a scalar or a number k, i.e. ka.
llall is also used.

11-13.2 11-10.2)

a Ja,

magnitude of the vector
a

11-13.3 : 11-10.3

e,

unit vector in the direction of a

e, = a/ 1a 1
a=ae,

1 l-l 3.4 (71-10.4)

e,, eY, e, i,j, k ei

unit vectors in the directions of the Cartesian coordinate axes

11-13.5 (7 I-10.5)

4, ay, a, a,

Cartesian components vector a

of

a = axe, + $eY + uZeZ axe,, etc., are the component

vectors. If it is clear from the context which are the base vectors, the vector can be written a = (a,, ay, 4).
f =xe,+ye,+ze,

is the radius vector (position vector).
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3

VECTORS

AND TENSORS
Sign, symbol, expression

(continued)
Meaning Remarks and examples

tern No.

11-13.6 1 I-10.6)

a.6

scalar product of a and 6

a B b = a& + a,,by+ a,b, a*b= c aibi
i

often written aibi by convention preceding 1 l-l 3.1). a.a=a'= ja[`=a*

(see remark

In special fields, (a, b) is also used. a xb vector product of a and 6 The components are (a x b), = +,hz- a,b,, etc., in a right-handed Cartesian coordinate system. (a x b, i
= ~,~,&ijP~% j k

11-13.7 1 l-10.7)

For &ijk, see 1 I-7.20.
a

11-13.8 7 I-10.8)

V
G

nabla operator

v=e,$+e
*

ar

d+e*$= y 9Y is also used.

c

i

ei ax,

11-13.9 1 l-10.9)

VqI grad cp

gradient of cp

grad Q, is also used.

VP =Cg$y
i

11-13.10 V-a 7 7-10.70) div a

divergence of a

V.a=

ci

3 8-q

11-13.11 V x a :11-70.7 `j rot a curl a

rotation of a; curl of a

The components

are 3%

etc. ?Y rot a, curl a are also used.

(V x a), = !f% - aZ,

P X a) i

= F.F,&ijk% i k

For &$, see 1 I-7.20. 11-13.12
(17-10.72) V*

Laplacian

A

A=-

a2 ax2

I

a2

I a2

aj~*

az2
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13

VECTORS

AND TENSORS
Sign, symbol, expression

(concluded
Meaning Remarks and examples

Item No.

(7 l-70.73
11-13.14 (11-10.14)

11-13.13

q

Dalembertian

a2 0 =-++--_ ax2

a2 I a2 --- I a2 ay2 ar2 c2 at2

T T'

tensor T of the second order

Two arrows above the letter symbol can be used instead of bold face sans serif type to indicate a tensor of the second order.

11-13.15 (? 7-10.15)

T', T', .. .. T, ~j

Cartesian components tensor T

of

T= T,e,e, + T,e,e, + .. . T,e,e,, etc., are the component tensors.

If it is clear from the context which are the base vectors, the tensor can be written

11-13.16 ab (77-70.761

a@b

dyadic product; tensor product of two vectors a and b tensor product of two tensors Tand S of the second order inner product of two tensors Tand S of the second order

tensor of the second order with components (ab)ii = aibj

11-13.17 (77-70.77)

T@ S

tensor of the fourth order with components CT@ SIiikl = Ti,G

11-13.18 T- S (7 7-70.18)

tensor of the second order with components (T. S), = CT$jk j

11-13.19 (1 I-10.19)

T-a

inner product of a tensor Tof the second order and a vector a

vector with components (T*a)i=

CTej i

1 I-13.20 T: S (7 7-10.20)

scalar product of two tensors Tand S of the second order

scalar quantity T: S * F.y,Tilsjl
i j
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I4

SPECIAL FUNCTIONS
Sign, symbol, expression Meaning Remarks and examples

tern No.

1l-l 4.1 I l-l 1.1)

J[(x)

cylindrical Bessel functions (of the first kind)

solutions of x2y" + xy' + (x2 - 12)y = 0 J,(x) = 2 `,;:I:,"`,`c'1; two * For r, see 11-14.19. (I >/ 0)

11-14.2 11-l 1.2)

N,(x)

cylindrical Neumann functions; cylindrical Bessel functions of the second kind cylindrical Hankel functions; cylindrical Bessel functions of the third kind modified cylindrical Bessel functions

N,(x) = lim Jk(x) `OS kx - J-k(x) k-l sin krt Y,(x) is also used.

11-14 3
:11-Iin

H/`)(x) HI*' (x)

H/`)(x) = J,(x) + iN,(x) H/*)(x) = J,(x) - iN,(x)

1 l-l 4.4 (11-11.4)

I,(x) KI (x)

solutions of x*y,, + xy' - (x2 + ?)y = 0 Ii(x) = i-`J,(ix) K,(x) = (x/2)i'+`(J,(ix) + iN,(ix))

1 l-l 4.5 (11-71.5)

j,(x)

spherical Bessel functions (of the first kind)

solutions of x2yII + 2xy' + [x' - I(1 + l)]y i,(x) = (@x)"*3, + l/2(4

= 0

(I 2 0)

11-14.6 (11-71.6)

n,(x)

spherical Neumann functions; spherical Bessel functions of the second kind

nr(x) = (?12V2N,+ yl(x) is alSo used.

1,2(4

11-14.7
("-""

h;`)(x)
,_1'2)(x)

spherical Hankel functions;
spherical Bessel functions

h,(`)(x) = j,(x) + in,(x) = (lr/2x)"*H(`)I+
h/*`(X) = k(X) in/(X) = ("/b)"*H1(2!

1,2(x) 1,2(X)

of the third kind

Modified spherical Bessel functions are denoted i&x) and k,(x) respectively; compare 11-14.4. solutions of (1 -X*)y"-2q+I(I+l)y=O Pl(4 = -$-&x*-1)' (IEN)

1l-l 4.8 (1 l-l 1.8)

P,(x)

Legendre polynomials
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SPECIAL FUNCTIONS (continued)
Sign, symbol, expression associated functions Meaning Legendre solutions (1 -x*)yf* of -2xy/+ [ P';(x) = (1 - x2)m'2 5 (l,me N;m <I) P/(X) 1(1+ I) -Remarks and examples

tern No. 11-14.9 P;"(x) 11-11.9)

'y = 0 1 -x2 1
nl*

I I-14.10 Y;1(8, `p) 17-7 7.70)

spherical

harmonics

solutions

of

--J---a(sinS-!&)+ sin 9 as 1 a*y --+1(1+ sin29 arp2 l)y=O

Y(R `PI = ( -ljrn [&
(21+ 1) PJ"I( cos S)eimq (1. Iml e N; Iml < I) 1 I-14.1 1 %(4 11-I 1.7 7) Hermite polynomials solutions of y" - 2xy' + 2ny = 0

(I(I+

/ml)! lml)!

l/2 1
x

H,,(x) = ( - 1)"ex2$$e-x2

(n E W

11-14.12 (I l-1 1.72)

L,(x)

Laguerre

polynomials

solutions of .xy" + (1 - x)y' + ny = 0

L,(x) = eX -$-

(x"epx)

(n e N

11-14.13 L;(x) (77-11.73

associated polynomials

Laguerre

solutions of xy" + (m + 1 - x)y' + (n - m)y = 0 (m, n e N; m d n)

C(x)

= -$i

L(x)

11-14.14 F(a, b; C; x) (17-11.14)

hypergeometric

functions

solutions of x(1 - x)y" + [c - (u + b + l)x]y' F(a, b; c; x) =

- aby = 0

1 +A~+ c

da+

lP(b+

1)

2!c(c + 1)

x2 +
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SPECIAL FUNCTIONS (continued
Sign, symbol, expression confluent functions Meaning hypergeometric Remarks and examples solutions of Xy" + (c - x)y' - uy = 0 F(a;c;x) = 1 +$x+ a@+`) X2+ ,, . 2!c(c + 1) d9 i :J-1 - k2sin29

tern No.

1-14.15 F(a; c;x) 11-I 7.75)
l

I-14.16 F(k, (p) 17-7 7.76)

(incomplete) elliptic integral of the first kind

F(k, cp) =

(O<k< 1) K(k) = F(k, r(/2) is the complete elliptic integral of the first kind.

I-14.17 E(k, VP) 7 l-1 1.17)

(incomplete) elliptic integral of the second kind

E(k,p) =jOqd=d9 (O<k< 1) E(k) = E(k, x/2) is the complete elliptic integral of the second kind.

n(k, n, p) 1 I-14.18 (7 l-l 1.1&j

(incomplete) elliptic integral of the third kind

n(k,n,rp)

=

(O<k< 1) I-I (k, n, n/2) is the complete elliptic integral of the third kind.

cp J
0

(1 + n sin*LJ;jLTQZ

1 I-14.19 (?1-11.19)

r(x)

gamma function

T(X) = ~,t'-`e-'

dl (n E w

(x ' 0)

1-(n+ 1) =n!

1 l-l420

B(x, y)

beta function

B(x,y) =l;f-'(I

-t)'-' dt

(-1

(x, y E R; x > 0, y > 0) B(% Y) = %)r(Y)/r(x +Y)

1 I-14.21
(1 l-l1.20)

Ei x

exponential

integral

Eix=

"-$ IX

dt
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SPECIAL FUNCTIONS (concluded)
Sign, symbol, expression erf x Meaning Remarks and examples

ttem No.

11-14.22

error function

erfx=erf(,)

2 J- x = 1 I

(7 7-7 7.27)

Vdt e 0

The function erfc x = 1 - erf x is called the complementary error function. In statistics the distribution m)(x) =L/' J- 2x is used. -e-"/' dt function

11-14.23 (77-77.22)

C(x)

Riemann zeta function

S(x) =+++++...

(x> 1)
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